As discussed in the fundamental solid-state text-book by Neil W. Ashcroft and N. David Mermin, a general and rigorous (i.e. quantum-mechanical) derivation of the standard semiclassical chargetransport theory constitutes a formidable task; indeed, while for homogeneous systems such derivation may be partially simplified, in the general case of a space-dependent carrier system additional approximations are needed, and the validity limits of such a semiclassical description may become highly questionable. Our primary goal is to provide a rigorous treatment of scattering nonlocality in semiconductor nanostructures. On the one hand, starting from the conventional density-matrix formulation and employing as ideal instrument for the study of the semiclassical limit the well-known Wigner-function picture, we shall perform a fully quantum-mechanical derivation of the spacedependent Boltzmann equation. On the other hand, we shall examine the validity limits of such semiclassical framework, pointing out, in particular, regimes where scattering-nonlocality effects may play a relevant role; to this end we shall supplement our analytical investigation with a number of simulated experiments, discussing and further expanding preliminary studies of scattering-induced quantum diffusion in GaN-based nanomaterials. As for the case of carrier-carrier relaxation in photoexcited semiconductors, our analysis will show the failure of simplified dephasing models in describing phonon-induced scattering nonlocality, pointing out that such limitation is particularly severe for the case of quasielastic dissipation processes.
I. INTRODUCTION
Since the seminal paper by Esaki and Tsu, 1 artificially tailored as well as self-assembled semiconducting nanostructures 2 form the leading edge of semiconductor science and technology. [3] [4] [5] The design of state-of-the-art optoelectronic devices, in fact, heavily exploits the principles of band-gap engineering, 6 achieved by confining charge carriers in spatial regions comparable to their de Broglie wavelengths. 7 This, together with the progressive reduction of the typical time-scales involved, pushes device miniaturization toward limits where the application of the traditional Boltzmann transport theory 8 becomes questionable, and a comparison with more rigorous quantum-transport approaches [9] [10] [11] [12] [13] [14] [15] is imperative. However, in spite of the quantum-mechanical nature of electron and photon dynamics in the core regions of typical solid-state nanodevices (e.g., quantum dots 16, 17 and graphene-based structures 18, 19 ) the overall behavior of such quantum systems is often governed by a highly non-trivial interplay between phase coherence and dissipation/dephasing. 20 In spite of the intrinsic validity limits just recalled, during the last decades a number of Boltzmann-like Monte Carlo simulation schemes have been extensively employed for the investigation of new-generation semiconductor nanodevices. [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] Such modeling strategiesbased on the neglect of carrier phase coherence-are however unable to properly describe space-dependent ultrafast phenomena. To this aim, the crucial step is to adopt a quantum-mechanical description of the carrier subsystem; this can be performed at different levels, ranging from phenomenological dissipation/decoherence models 33 to quantum-kinetic treatments. 10, 12, 13 Indeed, in order to overcome the intrinsic limitations of the semiclassical picture in properly describing ultrafast spacedependent phenomena -e.g., real-space transfer and escape versus capture processes-Jacoboni and co-workers have proposed a quantum Monte Carlo technique, 34 while Kuhn and co-workers have proposed a quantum-kinetic treatment; 35 however, due to their high computational cost, these non-Markovian density-matrix approaches are currently unsuitable for the design and optimization of new-generation nanodevices.
In order to overcome such limitations, a conceptually simple as well as physically reliable quantum-mechanical generalization of the conventional Boltzmann theory has been recently proposed. 36 The latter preserves the power and flexibility of the semiclassical picture in describing a large variety of scattering mechanisms; more specifically, employing a microscopic derivation of generalized scattering rates based on a recent reformulation of the Markov limit, 37 a density-matrix equation has been derived, able to properly account for space-dependent ultrafast dynamics in semiconductor nanostructures in the low-carrier-density regime; indeed, the density-matrix approach proposed in Ref. 36 has been recently applied to the analysis of genuine quantum-diffusion phenomena in GaN-based bulk and nanostructured materials, 38 allowing for a preliminary analysis of free-carrier versus scattering-induced diffusion.
Primary goal of this paper is to provide a rigorous treatment of scattering nonlocality. On the one hand, starting from the conventional density-matrix formulation 39, 40 and employing as ideal instrument for the study of the semiclassical limit the well-known Wigner-function picture, 39, 41 we shall perform a fully quantum-mechanical derivation of the space-dependent Boltzmann equation. On the other hand, we shall examine the validity limits of such semiclassical approximation scheme, pointing out, in particular, regimes where scattering-nonlocality effects may play a relevant role; to this end we shall supplement our analytical investigation with a number of simulated experiments, discussing and further expanding the preliminary study of scatteringinduced quantum diffusion in GaN-based nanomaterials recently presented in Ref. 38 . As for the case of carriercarrier relaxation in photoexcited semiconductors, 12 our analysis will show the failure of simplified dephasing models in describing phonon-induced scattering nonlocality, pointing out that such limitation is particularly severe for the case of quasielastic dissipation processes.
The Paper is organized as follows: In Sect. II we shall recall the fundamentals of the well-established semiclassical or Boltzmann transport theory applied to bulk semiconductor materials, stressing the basic approximations involved and the corresponding application limits. Sect. III is devoted to the basic concepts and instruments commonly employed for the microscopic investigation of high-field transport and/or ultrafast optical excitations in semiconductor materials in terms of the single-particle density-matrix formalism. In Sect. IV we shall introduce the well-known Wigner-function picture; the latteroften regarded as a classical-like phase-space representation of quantum mechanics-will allows us to identify the general approximation scheme needed in order to derive the conventional space-dependent Boltzmann equation from the density-matrix formalism. Thanks to a few prototypical simulated experiments, in Sect. V we shall be able to identify conditions where scattering-nonlocality effects -absent within the semiclassical treatmentmay play a crucial role. Finally, in Sec. VI we shall summarize and draw a few conclusions.
II. THE SEMICLASSICAL OR BOLTZMANN THEORY
The starting point of the so-called semiclassical picture recalled in this section is the well-known Boltzmann equation, [42] [43] [44] an integro-differential equation proposed at the end of the 19-th century by Ludwig Boltzmann in his kinetic theory of gases. 45 Goal of such equation was the description of nonequilibrium diffusion as well as transport phenomena for a generic gas of N pointlike classical particles, whose phase-space distribution is described via a single-particle picture in terms of the socalled distribution function f (r, p), proportional to the probability of finding a particle with position r and momentum p. Each particle will evolve according to the corresponding single-particle Hamilton equations, but it will also undergo stochastic collision processes with other particles. The Boltzmann equation is the equation of motion for the distribution function: by denoting with F the classical force corresponding to an external single-particle potential V (r) and employing the equations of motioṅ
corresponding to the single-particle Hamiltonian
one gets
with
(4) The Boltzmann equation (3) simply states that the total time variation of the distribution function due to the deterministic single-particle motion is equal to the corresponding variation due to particle-particle scattering; the latter are described via the so-called "collision term" in (4), whose physical interpretation is straightforward: denoting with W (p , p) the collision or scattering probability per time unit from p to p , the net variation of f at the current phase-space point r, p is given by all particles scattered from any p into the current value p ("in-scattering" contribution) minus all particles scattered out of p to any value p ("out-scattering" contribution). Within the Boltzmann kinetic theory, such collision processes are assumed to be instantaneous and point-like, 44 i.e., r, p → r, p . Under suitable physical conditions, such purely classical transport theory may be successfully employed for the description of non-classical systems; this constitutes the essence of the so-called semiclassical picture. Indeed, in spite of its unambiguous quantum-mechanical nature, the behavior of a Bloch electron with wavevector k subjected to a slowly-varying electromagnetic force may be described via a classical particle of momentum p =hk. More precisely, the crucial idea is to describe the electronic state in a given crystal band via a wavepacket characterized by a central (or reference) position r and momentum p; in the presence of a slowly-varying applied force F, it is possible to show that the time evolution of the wavepacket reference coordinates r, p is dictated by the following semiclassical equations of motioṅ
corresponding to the effective crystal Hamiltonian
Compared to the classical Hamilton equations (1), here the particle velocity p m is replaced by the so-called carrier group velocity (v = ∂K ∂p ) defined as the p-gradient of the electronic energy band K(p).
Such a particle-like description may be employed provided to fulfill the uncertainty principle: ∆r∆p ≥h 2 ; this means that such semiclassical picture is expected to become inadequate on very short space-scales, as we shall discuss in more detail in Sec. IV.
In analogy with the kinetic theory of gases previously recalled, we shall introduce a corresponding distribution function f (r, p), 8, 20, 46 describing the probability of finding an electron with Bloch quasimomentum p =hk and position r. By employing the semiclassical result in (5), it is easy to derive the following electronic-transport equation
with a semiclassical collision or scattering term formally identical to the one in (4):
Here, the scattering rates P s (p, p ) describe again instantaneous and point-like scattering processes (r, p → r, p) induced by the generic interaction mechanism s; compared to the original Boltzmann collision term in (4), in addition to inter-particle (carrier-carrier) scattering, our Bloch electrons will undergo stochastic transitions induced by a number of interaction mechanisms ascribed to the host material, like, e.g., carrier-phonon, carrierplasmon, carrier-impurity scattering, etc.
Compared to the purely classical Boltzmann equation (3), the electronic-transport equation (7) is semiclassical in nature, i.e., it is grounded on the following quantummechanical ingredients: (i) the electron group velocity v (see Eq. (5)) and (ii) the microscopic scattering rates P s (p, p ). Indeed, the latter are typically derived in quantum-mechanical terms via the well-known Fermi's golden rule; more precisely, in the low-density limit we have
i.e., the (continuous) scattering-rate functions P s (p, p ) are given by the density of (discrete) Bloch states pcorresponding to a suitable crystal normalization volume Ω-times the (discrete) microscopic scattering rates P s pp derived via the conventional Fermi's golden rule. It is worth stressing that, in general, the scattering rates in (10) may be space-dependent as well; however, according to the validity limits of the semiclassical description, such space variations should be adiabatically slow compared to the quantum-mechanical space-scale. This implies that the crystal normalization volume Ω introduced in Eq. (10) (and involved in the Fermi's-golden-rule calculation of the scattering rates P s pp ) should be much larger than the typical carrier coherence length and, at the same time, much smaller than the macroscopic spatial variations of our material. Under such conditions, the scattering rates P s pp are evaluated treating our system as homogeneous within the normalization volume Ω, parameterizing the key material properties (e.g., carrier and impurity concentrations, etc.) via the spatial coordinate r. As we shall see, such crystal normalization volume Ω comes out to be the coarse-graining space-scale (see Eq. (79)) involved in the quantum-mechanical derivation of the Boltzmann equation, presented in Sec. IV.
In order to better compare the Wigner transport theory introduced in Sec. IV with its semiclassical counterpart, it is convenient to rewrite the Boltzmann transport equation (7) as
where
describes the scattering-free evolution in terms of the socalled Poisson brackets of our single-particle phase-space r, p, namely
Moreover, for any given physical quantity a(r, p), its average value can be expressed via the distribution function f (r, p) as the following integral over our semiclassical phase-space r, p:
As anticipated, one of the key features of the Boltzmann equation is the local character of its scattering dynamics. In order to better formulate this crucial property, it is useful to recall the link between our distribution function f (r, p) and the corresponding spatial carrier density n(r):
Combining the above result with the Boltzmann equation in (11) , the time evolution of the spatial carrier density can be written as
In particular, combining Eqs. (12) and (15), one gets
is the carrier current density. Moreover, combining the definition in (15) with the explicit form of the scattering term in (8) , it is easy to show that
i.e., regardless of the specific form of the various scattering rates P s (p, p ), the scattering dynamics has absolutely no effects on the spatial carrier distribution. As we shall discuss in Sec. IV, this peculiar property of the semiclassical transport model is found to be definitely incompatible with the non-local character of quantumtransport treatments.
Combining Eqs. (16), (17) , and (19), one finally gets
i.e., also in the presence of scattering processes one recovers the macroscopic charge continuity equation of classical physics.
III. FUNDAMENTALS OF THE SINGLE-PARTICLE DENSITY-MATRIX FORMALISM
In Sec. II we have recalled the basic concepts of the semiclassical picture. The latter is grounded on a number of approximations, whose validity limits may become questionable in the presence of ultrashort spaceand time-scales, and genuine quantum-mechanical treatments of the problem are highly desirable.
In order to investigate in fully quantum-mechanical terms the electro-optical response of semiconductor bulk and nanostructured materials, it is crucial to study the time evolution of single-particle quantities, such as the total carrier density, mean kinetic energy, charge current, and so on. In general, such quantities are given by a suitable (quantum-plus-statistical) average of a corresponding (single-particle) operatorâ, usually expressed in terms of the single-particle density-matrix operatorρ as 2047 a = tr {âρ} .
It follows that within the Schrödinger picture the crucial step is to analyze the time evolution of the density-matrix operatorρ, whose equation of motion in the low-density limit is always of the form:
describes the coherent dynamics dictated by the noninteracting-electron HamiltonianĤ sp (including elastic single-electron scattering processes) while
is a linear superoperator Γ encoding the energydissipative/decoherent scattering mechanisms that electrons experience within the host material. The above single-particle quantum equation -whose general structure is the same of the semiclassical one in (11)-applies to a variety of physical problems, 20 ranging from quantum-transport phenomena to ultrafast electro-optical processes; however, it is vital to stress that the degree of accuracy of such density-matrix formalism is intimately related to the choice of the scattering superoperator Γ in (24) . Indeed, oversimplified approaches accounting for Γ in a phenomenological way or via kinetic treatments based on the conventional Markov limit 48 may lead to the violation of the positive-definite character of the density-matrix operatorρ, and therefore to unphysical conclusions. To overcome this serious limitation, an alternative Markov procedure has recently been proposed, 37 showing that it is possible to derive a Lindblad-like scattering superoperator of the form
According to this alternative adiabatic-decoupling scheme, in the low-density limit for each single-particle interaction mechanism s one is thus able to perform a fully microscopic derivation of a corresponding Lindblad superoperator, 49 thereby preserving the positive-definite character of the density matrixρ.
By denoting with |α the eigenstates ofĤ sp (corresponding to the energy spectrum α ), i.e.,
the single-particle density-matrix operator can be expressed in terms of entries ρ α1α2 aŝ
and the density-matrix equation (22) reduces to
Such set of coupled equations of motion for the densitymatrix elements ρ α1α2 are usually referred to as the semiconductor Bloch equations. 50 In particular, the diagonal elements (ρ α1=α2 ) describe state populations, while non-diagonal contributions (ρ α1 =α2 ) -also referred to as inter-state polarizations-describe quantum-mechanical phase coherence between the single-particle states α 1 and α 2 .
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By adopting as scattering superoperator the Lindbladlike prescription in (25) , the corresponding matrix elements can be conveniently expressed as
(H.c. denoting the Hermitian conjugate) in terms of the generalized scattering rates
In order to investigate the space dependence of the phenomenon under examination -and to compare it to its semiclassical description (see Eqs. (16), (17) , and (19)-let us recall the link between our density matrix ρ α1α2 and the corresponding spatial carrier density, namely
where φ α (r) = r|α denotes the real-space wavefunction corresponding to the eigenstate |α . Combining the above result with the density-matrix equation (28) , the time evolution of the spatial carrier density is again given by Eq. (16) with (32) and
In Sec. IV we shall show that, also for the simplest case of a bulk system (α = p), (i) in the presence of a nonparabolic band the single-particle evolution in (32) deviates from its semiclassical counterpart in (17), [51] [52] [53] and (ii) the scattering-induced variation in (33) is in general different from zero, i.e., the action of the scattering superoperator is spatially non-local, in clear contrast to the semiclassical result in (19) .
At this point a crucial issue is in order, namely the link between the semiclassical Boltzmann theory of Sec. II and the density-matrix formalism recalled so far. As discussed in the fundamental solid-state text-book by Neil W. Ashcroft and N. David Mermin, 54 a general and rigorous (i.e. quantum-mechanical) derivation of the standard semiclassical charge-transport theory constitutes a formidable task. The simplest approach to this tedious problem -usually referred to as the "diagonal limit"-is to neglect all non-diagonal density matrix elements, which implies to assuming a single-particle density matrix of the form
From a physical point of view, this amounts to assuming that the impact of various energy dissipation/decoherence phenomena (described via the scattering superoperator Γ) is so strong to suppress at any time all inter-state (α 1 = α 2 ) quantum-mechanical phase coherence. By inserting the diagonal-limit prescription (34) into Eqs. (28) and (29), it is easy to get the following equation of motion for the state population f α :
Equation (35) is Boltzmann-like, i.e., the time evolution of the carrier population f α is dictated by a standard (inminus-out) collision term involving scattering rates P αα given by the diagonal elements (α 1 α 1 = α 2 α 2 ) of the generalized scattering rates in (30) . As mentioned previously, by adopting the alternative Markov procedure proposed in Ref. 37 , for any given single-particle interaction mechanism s one is able to perform a fully microscopic derivation of the corresponding Lindblad operator A s entering the scattering superoperator (25) . Moreover, according to this derivation, the diagonal elements of the generalized scattering rates in (36) are given by the conventional Fermi's golden rule. Indeed, the Boltzmannlike equation in (35) can be regarded as the formal justification and starting point of a wide variety of Monte Carlo simulations of charge transport in semiconductor nanostructures, whose main microscopic ingredients are the carrier wavefunctions φ α (r) as well as the corresponding scattering rates P αα obtained via the Fermi's golden rule.
In spite of the success of such Boltzmann-like treatment applied to the study of the steady-state electrooptical response of semiconductor nanodevices, 21-32 the latter is not able to describe the time-dependent evolution of the spatial carrier density. Indeed, by inserting the diagonal prescription (34) into Eq. (32), the single particle contribution to the spatial carrier density is always equal to zero. This implies that such diagonal approximation does not allow one to account for the diffusion dynamics of the semiclassical transport theory (see Eq. (17)). This can be easily understood noticing that within the diagonal approximation the spatial carrier density in (31) reduces to
This tells us that for the particular case of a bulk system -the one considered in the semiclassical theory of Sec. II-the single-particle basis states |α are momentum eigenstates, whose probability density |ψ α (r)| 2 is space-independent. It follows that for a bulk system the carrier density n(r) corresponding to the above diagonallimit picture is space-independent as well.
The obvious conclusion is that the diagonalapproximation scheme just recalled does not allow one to recover the space-dependent Boltzmann theory of Sec. II. Indeed, to this end it is vital to adopt an alternative treatment able to preserve a space-dependent description of the problem; this may be conveniently performed via the well-known Wigner picture discussed below.
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IV. THE WIGNER-FUNCTION PICTURE AND THE SEMICLASSICAL LIMIT
A. The Wigner transport equation
As anticipated, in order to account for the spacedependent character of a generic quantum nanomaterial/nanodevice and to properly identify its semiclassical limit, a commonly employed strategy is the Wignerfunction treatment of the problem.
9,56 The Wigner function f W (r, p) associated to a single-particle densitymatrix operatorρ is defined as its Weyl-Wigner transform
corresponding to the quantum-plus-statistical average of the Wigner operator
For any physical quantity a -described via the operator a-its average value in (21) can be rewritten according to the Wigner picture just recalled as
is the Weyl-Wigner transform of the operatorâ. Equation (40) is formally identical to its semiclassical counterpart in (14) , thus confirming the central role played by the Wigner picture in establishing a direct link between the fully quantum-mechanical approach of Sec. III and the semiclassical theory of Sec. II (see below). However, apart from such formal similarity, the Wigner function in (38) is not positive-definite, and cannot be regarded as a classical phase-space distribution probability.
39,41
The equation for the Wigner function in (38) can be derived from the equation of motion for the density-matrix operator in (22) . More specifically, by applying the WeylWigner transform (38) , together with its inversê
to the density-matrix equation (22), one gets the equation of motion for the Wigner function:
and
are the single-particle and the scattering superoperators written in the (r, p) Wigner picture, respectively.
Denoting again with |α the eigenstates ofĤ sp (see Eq. (26)), the Wigner function in (38) can be written as
are the matrix elements of the Wigner operator in (39).
B. Quantum nonlocality
We shall now show that, opposite to the semiclassical equation in (11), the Wigner transport equation (43) may be non-local both in r and in p. To this end, we shall investigate the explicit form of the single-particle and scattering superoperators in (46) and (47) corresponding to a realistic description of the quantum nanomaterial under examination.
In order to evaluate the peculiar features of the single-particle superoperator in (46), we shall adopt an envelope-function Hamiltonian 7 of the form
wherer andp denote, respectively, the quantummechanical operators associated to the electronic coordinate (r) and momentum (p). According to the usual prescription of the envelope-function theory, the function K in Eq. (50) describes the bulk electronic band, while V describes the nanostructure potential profile. By inserting the envelope-function Hamiltonian (50) into Eq. (46), after a straightforward calculation (not reported here), one gets
with K(r , p) = i dp e
(55) As we can see, the kinetic superoperator K in (52) is always local in p and, in general, is non-local in r. In particular, by adopting the usual effective-mass approximation,
the non-local kinetic operator (52) reduces to
where v(p) denotes the carrier group velocity of the semiclassical theory (see Eq. (5)). Notably, within the effective-mass approximation (56) the kinetic contribution coincides with its semiclassical counterpart, i.e., it reduces to the standard diffusion term of the Boltzmann equation (see Eq. (7)).
Oppositely to the kinetic one, the potential superoperator V in (54) is always local in r and, in general, is non-local in p. For the particular case of a quadratic potential
corresponding to the classical force
the non-local potential superoperator (54) simply reduces to
Thus, for the particular case of the quadratic potential profile in (58), the potential contribution coincides with its semiclassical counterpart, i.e., it reduces to the standard drift term of the Boltzmann equation (see Eq. (7)); it follows that the non-local character of the generic potential superoperator in (54) vanishes in the presence of a parabolic potential only. At this point a few comments are in order. The analysis performed so far has shown that within the Wigner picture real-space (r) and momentum (p) coordinates play a strongly symmetric role. Moreover, for a physical system characterized by an effective Hamiltonian quadratic in both the coordinate and the momentum, the equation of motion of the Wigner function coincides with its semiclassical (Boltzmann) counterpart, thus showing once again the intimate link between the Wigner function and the semiclassical carrier distribution. This can also be regarded as a formal proof of the fact that, for a particle subjected to a quadratic potential, its classical and quantum equations of motion coincide, a fundamental result originally pointed out by Richard P. Feynman via his "path integral" formulation of quantum mechanics.
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Let us now discuss the general non-local features of the scattering superoperator in (47) . By inserting into Eq. (47) the explicit form of the Lindblad-like superoperator (25), we get:
As shown in the following section, in the so-called semiclassical limit these two contributions reduce to the inand out-scattering terms of the Boltzmann theory; however, opposite to the Boltzmann collision term in Eq. (8), the quantum-mechanical scattering superoperator in (61) is in general spatially non-local. Indeed, for a generic Lindblad operatorÂ s corresponding to a given interaction mechanism s, the scattering superoperator is in general different from zero also for r = r .
In order to better elucidate the spatial nonlocality of the Wigner-transport theory, it is useful to recall the link between our Wigner function f W (r, p) and the corresponding spatial carrier density n(r); according to the general average-value prescription (40), one gets a result formally identical to the semiclassical one in (15):
Combining the above result with the Wigner transport equation (43) and employing the single-particle results in (51)- (55), the time evolution of the spatial carrier density is again given by Eq. (16) with
dr dp
It is important to stress that, also within the present quantum-mechanical treatment, the time evolution of the spatial carrier density in Eq. (16) can be expressed via the usual charge continuity equation in (20) . To this end, the carrier current density J(r) is defined as the average value (see Eqs. (40) and (41)) of a corresponding quantum-mechanical operatorĴ(r) as
is the Weyl-Wigner transform of the current-density operator. Combining Eqs. (16), (20), (63), and (64), after a straightforward calculation (not reported here) one gets
dr dp e
It follows that the quantum-mechanical current density in (65) is the sum of a single-particle and of a scattering contribution; it is worth stressing that the presence of a scattering-induced current has been clearly pointed out by Gebauer and Car in Ref. 59 . While for the particular case of a parabolic band the kinetic term of the Wigner equation reduces to the diffusion term of the Boltzmann theory and the single-particle current is simply given by the Wigner-picture version of Eq. (18), i.e.,
for non-parabolic bands the single-particle current density is always described in terms of the spatially non-local superoperator in (68).
51-53
The explicit form of the scattering-induced currentdensity operator in (69) will depend strongly on the specific form of the scattering superoperator Γ. In any case, opposite to the semiclassical scenario, within a fully quantum-mechanical description such scattering-induced current is in general different from zero, which is again a clear fingerprint of the non-local character of our scattering superoperator.
C. The semiclassical limit
In what follows we shall discuss the so-called semiclassical limit, namely we shall recover the Boltzmann transport theory of Sec. II as the limit of the previous Wigner transport theory forh → 0.
As far as the single-particle contribution in (51) is concerned, it is useful to recall that the latter may be conveniently expressed via the so-called Moyal brackets, 60 a quantum-mechanical generalization 41 of the classical Poisson brackets in (13) . More specifically, it is possible to show that
denotes the Moyal brackets applied to two generic phasespace functions a and b.
By expanding the sine function with respect to its argument, it is easy to write the above single-particle contribution as a series expansion in powers ofh; moreover, the lowest-order contribution ish-independent and coincides with the Poisson brackets in (13) . As a result we get
which shows that -as expected-in the semiclassical limit (h → 0) the quantum-mechanical (Wigner) singleparticle contribution reduces to its classical (Boltzmann) counterpart in (12) . As discussed previously, for a physical system characterized by an effective Hamiltonian quadratic in both the coordinate and the momentum, its quantum and classical scattering-free dynamics coincide; this can be easily understood in terms of the present Moyal formalism, noticing that in this particular case all higher-order contributions in the power expansion are always equal to zero, regardless of the value ofh. It follows that, while for a quadratic Hamiltonian the quantum single-particle dynamics is always local, for a generic band structure as well as for a generic potential profile the latter is intrinsically non-local, and becomes local only in the semiclassical limith → 0.
Let us now face the most difficult task of the semiclassical limit, showing that forh → 0 the fully quantummechanical scattering dynamics in (45) reduces to the standard collision term of the Boltzmann theory in (8) . To this aim, the first step is to rewrite the Lindblad-like scattering superoperator in (61) within the momentum representation. More specifically, taking into account that
the explicit form of the scattering superoperator in (61) comes out to be Γ(r, p; r , p ) = 2 πh 3 s dp 1 dp 2 e
s dp 1 dp 2 e
By inserting the above result into Eq. (45), one gets:
dr dp dp 1 dp 2 e
Let us now analyze the semiclassical limit of the above quantum-mechanical scattering superoperator. From a physical point of view, in the limith → 0 the various phase factors entering Eq. (76) will display infinitely fast oscillations, which allows one to evaluate some of the above coordinate and momentum integrals via a sort of adiabatic-decoupling procedure. As far as the coordinate r is concerned, for any regular function F (r) we have:
By employing this general property, in the semiclassical limit (h → 0) the scattering superoperator in (76) simplifies to:
s dp dp 1 e
s dp dp 2 e
In addition to the spatial adiabatic decoupling in (77), in the semiclassical limit it is also possible to show that for any regular function G(r, p):
Here Ω is the very same crystal normalization volume introduced in Eq. (10); indeed, in order to derive this result it is crucial to perform a sort of spatial coarse graining, i.e., a spatial average of the function G over a volume Ω much larger than the typical carrier coherence length and much smaller than the macroscopic spatial variations of our material. By employing the general property in (79) the scattering superoperator in (78) reduces to:
This is exactly the Boltzmann collision term of the semiclassical theory we were looking for; indeed, the latter can be written in a more compact form as
where P (p, p ) can be written again according to Eq. (9) as the sum of scattering rates
corresponding to the various interaction mechanisms s. Equation (81) is formally identical to the Boltzmann collision term in (8) , thus showing that in the semiclassical limit the fully quantum-mechanical scattering superoperator of the Wigner theory reduces to the Boltzmann one. Moreover, the semiclassical-limit procedure presented so far shows that the scattering rates of the Boltzmann transport theory can be easily expressed in terms of the matrix elements A s (p, p ) of the various Lindblad operators (see Eq. (82)). As already discussed in Sec. II, in order to establish a direct link with the conventional Fermi's-golden-rule prescription, it is convenient to move from the continuous momentum representation employed so far to its discrete version corresponding to the crystal normalization volume Ω; more precisely, employing the continuous-versus-discrete prescription in (10)), the scattering rates in (82) can also be written as
in total agreement with the diagonal-approximation result in (36).
V. SCATTERING-INDUCED DIFFUSION: A FEW SIMULATED EXPERIMENTS
Aim of this section is to perform a detailed investigation of scattering-induced diffusion in state-of-the-art semiconductor bulk and nanostructures. Based on the quantum-transport formulation proposed so far, we shall present and discuss a number of simulated experiments of ultrafast carrier dynamics in GaN-based materials.
A. Physical model and simulation strategy
As physical system we shall consider an effective one-dimensional GaN-based nanostructure, whose main energy-dissipation/decoherence mechanism is carrier-LO phonon scattering. In order to mimic the main features of a realistic GaN-based material, the following parameters have been employed: effective mass m * = 0.2m • (m • denoting the free-electron one), LO-phonon energy LO = 80 meV, and average bulk carrier-LO phonon scattering rate τ LO = 25 fs.
For the case of a one-dimensional system with coordinate z and momentum p, the space (see Eq. (31)) and momentum charge distributions are simply given by
where φ α (z) ≡ z|α denotes the real-space wavefunction corresponding to the eigenstate α, andφ α (p) ≡ p|α its Fourier transform. Combining the prescription in (84) with the densitymatrix equation (28) , the total time evolution of the spatial carrier density can be written as the one-dimensional version of Eq. (16), namely
As already pointed out in Secs. IV B and IV C, for the relevant case of the Lindblad superoperator in (29) the corresponding time evolution can be expressed as the difference of two terms, which in the semiclassical limit reduce to the in-minus out-scattering structure of the conventional Boltzmann theory (see Eq. (8)). This suggests to rewrite the scattering superoperator in (29) as:
By inserting Eq. (89) into Eq. (88), one gets:
It is easy to show that the in-scattering contribution F in α1α2 in (90) (corresponding to the first term of the Lindblad superoperator in (25)) is always positive-definite; this implies that the corresponding charge-density variation F in (z) is always positive-definite as well. We stress that this does not apply to the out-scattering contribution F out (z). Our simulation strategy is based on a numerical solution of the density-matrix equation in (28) ; this is realized via a fixed-time-step discretization 20 based on an exact integration of the single-particle dynamics. More specifically, the single-particle states α of the structure under examination are described via the standard envelopefunction and effective-mass approximations (see Eqs. (50) and (56)) 7 in terms of a plane-wave expansion.
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For all the simulated experiments presented below we have chosen as initial condition a single-particle density matrix ρ α1α2 corresponding to a gaussian carrier distribution both in space and momentum, namely
where ∆ z describes the degree of spatial localization of our initial state, and ∆ p = √ m * k B T describes the thermal fluctuations of our carrier gas.
It is easy to show that such initial condition corresponds to a Wigner function
and therefore to an initial density matrix
is the one-dimensional version of the Weyl-Wigner transform in (49) . The (mixed-state) density matrix in (96) is not always physical; indeed, it is possible to show that the uncertainty principle imposes the following restriction:
. Recalling that ∆ p = √ m * k B T , it follows that at room temperature and for the GaN parameters previously recalled, one gets: ∆ z ≥h 2 √ m * k B T 2 nm. Primary goal of our simulated experiments is to investigate the non-local character of the Lindblad-like scattering superoperator in (29) , and to compare it with other scattering models. The simplest parameter-free form of the scattering term entering our density-matrix equation (28) is given by the following relaxation-time model:
Here ρ
is the equilibrium density matrix dictated by the host material, and
is the total scattering rate (i.e., summed over all final states α and relevant interaction mechanisms s) corresponding to the microscopic transition probabilities P s α α of the semiclassical transport theory given by the standard Fermi's golden rule. 8 Within such relaxation-time paradigm, the diagonal contributions (α 1 = α 2 ) describe population transfer (and thus energy dissipation) toward the equilibrium carrier distribution f • α1 according to the relaxation rate Γ α1 , whereas the off-diagonal contributions (α 1 = α 2 ) describe a decay of the inter-state polarizations according to the decoherence/dephasing rate (Γ α1 + Γ α2 )/2.
In spite of its simple form and straightforward physical interpretation, the structure of the relaxation-time term (98) is intrinsically different from the in-minus outstructure of the Boltzmann collision term as well as of the Lindblad superoperator in (29) , and for this reason it may lead to a significant overestimation of decoherence processes (see below).
B. Analysis of bulk systems
Our first set of room-temperature simulated experiments corresponds to a GaN bulk system (i.e., no confinement potential profile).
Scattering nonlocality
Let us start our analysis by investigating the carrier-LO phonon scattering nonlocality induced by the Lindblad superoperator in (89). Figure 1 shows the initial time derivative of the spatial carrier density (see Eq. (88) as a function of the relative coordinate z/∆ z for three different values of the localization parameter ∆ z . As we can see, in the presence of an initial nanometric confinement (solid and dashed curves) the phonon-induced time variation is significantly different from zero; the latter displays a negative peak -corresponding to a sort of replica of the initial distribution-and, more importantly, a positive contribution extending over a much larger range. This is exactly the signature of scattering-induced spatial nonlocality we were looking for. By significantly increasing the value of ∆ z (dash-dotted curve), the magnitude and relative spatial extension of such nonlocality effects is strongly reduced, thus confirming that in the semiclassical limit ∆ z → ∞ the scattering-induced time variation tends to zero, as predicted by the conventional Boltzmann theory (see Eq. (19)). In order to better understand the physical origin and relative magnitude of the positive versus negative regions in Fig. 1 , let us examine separately the impact of inand out-scattering terms (see Eqs. (92) and (93) (92)) reported in Fig. 1 . As we can see, in the presence of an initial nanometric confinement (solid and dashed curves) the in-scattering contribution (panel a) is significantly larger than the initial distribution profile (see thin solid curve in Fig. 1 ) while, in contrast, the out-scattering contribution (panel b) comes out to be more localized. It is exactly such different spatial extension of in-and out-scattering contributions that gives rise to the density-variation profiles in Fig. 1 ; in particular, the significant delocalization of the in-scattering contribution (compared to the out-scattering one) is responsible (i) of the negative cen- tral peak, and (ii) of the two positive external regions.
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By significantly increasing the value of ∆ z (dash-dotted curves), in-and out-scattering contributions tend to coincide, which implies that their difference tends to vanish, in total agreement with the corresponding result in Fig. 1 (dash-dotted curve) . This clearly shows that the local character of the Boltzmann theory (see Eq. (19)) originates from an exact cancelation between in-and outscattering contributions, which takes place in the semiclassical limit (i.e., ∆ z → ∞) only.
Based on the numerical results presented so far, it is easy to conclude that the impact of scattering nonlocality is intimately related to the different spatial extension of in-and out-scattering contributions. In order to better quantify the phenomenon under examination, it is useful to introduce the effective nonlocality parameter
According to its definition, this dimensionless parameter can be regarded as the standard deviation of the spatial density variation F in/out (z) (see Eq. (93)) in units of ∆ z . It follows that when the shape of the density variation F in/out (z) tends to the initial Gaussian profile (see dashdotted curves in Fig. 2) , the nonlocality parameter η in/out in (100) tends to one; moreover, for charge variations wider than the initial distribution (see solid and dashed curves in Fig. 2a ) the nonlocality parameter is expected to be greater than one, while for charge variations sharper than the initial distribution (see solid and dashed curves in Fig. 2b ) the latter is expected to be smaller than one.
This scenario is fully confirmed by the numerical results reported in Fig. 3 , where the nonlocality parameter in (100) is plotted as a function of ∆ z for both in-and out-scattering contributions (here, the two curves have been obtained repeating our numerical calculation for a large set of ∆ z values). As we can see, in the presence of a strong spatial confinement (∆ z = 5 nm) (see solid curves in Fig. 2 ) the nonlocality parameter of the inscattering term is definitely greater than one, while for the out-scattering term the latter is significantly smaller than one. By increasing the value of ∆ z , the difference between in-and out-parameters is progressively reduced, and for ∆ z = 50 nm (see dash-dotted curves in Fig. 2 ) their value is already very close to unity. The bulk-GaN simulated experiments presented so far allows one to draw two basic conclusions: (i) in the presence of a nanometric spatial confinement one deals with a significant carrier-phonon scattering nonlocality (see solid curve in Fig. 1); (ii) opposite to other simplified scattering models (see below), our Lindblad superoperator (see Eq. (89)) is able to properly reproduce the semiclassical-limit behavior (see dash-dotted curve in Fig. 1) , thus recovering the local character of the Boltzmann collision term (see Eq. (19)).
At this point it is crucial to compare the action of the Lindblad scattering superoperator (89) (see Fig. 1 ) with that of simplified dissipation models, and in particular with the conventional relaxation-time approximation. Figure 4 shows the initial time derivative of the spatial carrier density induced by the relaxation-time model in (98) as a function of the relative coordinate z/∆ z for the same three values of the localization parameter ∆ z considered in Fig. 1 . As we can see, also for the case of the relaxation-time model one deals with significant nonlocality effects. However, comparing Fig. 4 with Fig. 1 , it is easy to recognize strong differences between the Lindblad treatment and the relaxation-time approximation: opposite to the Lindblad-superoperator results of Fig. 1 , here the shape and amplitude of the charge-density variation is not strongly influenced by the value of ∆ z ; more importantly, while in Fig. 1 the positive regions are spatially localized (i.e., they display a maximum and then vanish at large distances), here the charge variation tends to a constant and ∆ z -independent value. This constitutes an unambiguous proof of the intrinsic limitations of the relaxation-time approximation; indeed, opposite to the Lindblad-superoperator treatment, the latter (i) comes out to be totally non-local (as confirmed by its nearly constant values at large coordinate values), 63 and (ii) in the semiclassical limit (∆ z → ∞) it is intrinsically unable to reproduce the local character of the Boltzmann collision term (see Eq. (19)).
As we shall see, the totally non-local character of the relaxation-time model may give rise to a strong overestimation of the scattering-induced quantum diffusion (see Fig. 7 below) .
Quantum diffusion: single-particle versus scattering dynamics
So far our focus has been devoted to the investigation of the spatial nonlocality induced by carrier-LO phonon coupling. However, in order to establish how such scattering-induced charge redistribution will affect the overall diffusion process, it is imperative to perform a time-dependent analysis including single-particle as well as scattering dynamics. Figure 5 displays the sub-picosecond time evolution of the spatial carrier density corresponding to the initial mixed state in (96) with ∆ z = 10 nm, obtained in the absence of carrier-phonon coupling (upper panel), via the Lindblad scattering superoperator in (89) (central panel), and via the relaxation-time model in (98) (lower panel). As we can see, compared to the scattering-free case (upper panel), both Lindblad and relaxation-time treatments give rise to a speed up of the diffusion process, and the effect is more pronounced in the relaxation-time case (lower panel).
Such ultrafast diffusion dynamics is the result of a highly non-trivial interplay between the single-particle and scattering contributions in (86); indeed, it is well known that also in the presence of a spatially local (i.e., Boltzmann) scattering model (for which the contribution in (88) is always equal to zero) any scattering-induced carrier redistribution tends to speed up the diffusion process. 54 In order to better evaluate the genuine diffusion contribution due to scattering nonlocality, it is then crucial to start our simulated experiments from a thermalized carrier distribution; this has been realized adopting the initial state in (96); indeed, for a parabolicband bulk system (as the one considered here) in the absence of scattering nonlocality, the time evolution of the spatial carrier density is described by the following (time-dependent) Gaussian distribution (see upper panel in Fig. 5 )
where describes the typical time scale of the scattering-free diffusion process (for the case of Fig. 5 the latter is about 70 fs). In order to better quantify the impact of scatteringinduced diffusion, in Fig. 6 the local-scattering spatial density at t = 60 fs (solid curve) is compared to the corresponding results obtained adopting as scattering models the Lindblad superoperator (89) (dashed curve) as well as the relaxation-time model (98) (dash-dotted curve). As already pointed out in Fig. 5 , both scattering treatments give rise to a diffusion speed up, and the effect is particularly pronounced for the case of the relaxation-time model (see dash-dotted curve).
The physical origin and relative magnitude of such diffusion speed up can be easily understood in terms of the scattering-induced nonlocality previously investigated. Indeed, for both the Lindblad (Fig. 1) and the relaxation-time model (Fig. 4) , carrier-phonon scattering induces a progressive charge transfer from the initial peak toward outer regions, which results in an overall spatial broadening. As already pointed out, the impact of such scattering-induced diffusion is expected to be particularly pronounced in the case of the relaxation-time model, since the latter is totally non-local (see Fig. 4 ). Such highly non physical behavior gives rise to an increased dissipation/decoherence dynamics, which in turn results in the significant overestimation of the diffusion process reported in the lower panel of Fig. 5 .
To quantify the amount of extra diffusion reported in Figs. 5 and 6, let us introduce the effective carrier distribution width Figure 7 shows the time evolution of the above effective distribution width λ. Here, the local-scattering result λ = ∆ z (t) (solid curve) is compared to the corresponding results obtained adopting as scattering models the Lindblad superoperator (89) (dashed curve) as well as the relaxation-time model (98) (dash-dotted curve).
As expected, the relaxation-time model gives rise to a strong overestimation of the diffusion process (see dashdotted curve) compared to the Lindblad-superoperator treatment (dashed curve).
As anticipated, the relaxation-time model in (98) does not exhibit the well established in-minus out-scattering structure of the Boltzmann collision term as well as of the Lindblad superoperator in (89); it follows that within such simplified model the decay of the inter-state phase coherence (also referred to as inter-state polarization) is not dictated by a balance between in-and outcontributions, but is determined by out-scattering contributions only, leading to an overestimation of electronic decoherence. In order to elucidate this crucial point, let us start by analyzing the explicit form of Eq. (28) for the case of the relaxation-time model in (98). By denoting with
the single-particle density matrix written in the interaction picture, the time evolution of its non-diagonal (α 1 = α 2 ) elements is given by
which shows that, in addition to the free rotation in (105), the inter-state polarization decays according to the decoherence rate (Γ α1 + Γ α2 )/2. In contrast, by inserting into Eq. (28) the explicit form of the Lindblad superoperator (89), it is easy to get with
(108) In the presence of strongly nonelastic interaction processes, the overall impact of the second term in (107) is strongly reduced thanks to the fast temporal oscillations of the various free-rotation phase factors; moreover, taking into account that in such nonelastic-interaction limit P s αα ,αα → 0, one gets
which implies that in this limit the Lindblad-model equation in (107) reduces to the relaxation-time one in (106). In contrast, in the presence of quasielastic processes one deals with a significant cancelation between in-and out-scattering contributions, not accounted for by the relaxation-time equation (106). It is worth stressing that such intrinsic limitation of relaxation-time models has been already recognized in the analysis of ultrafast phenomena in photoexcited semiconductors 12 , showing that the latter becomes particularly severe for the case of quasielastic processes.
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To confirm this physical interpretation, we have repeated the simulated experiments presented so far artificially reducing the GaN LO-phonon energy by a factor 4 (from 80 to 20 meV), such to mimic the quasielasticprocess limit. The time evolution of the effective distribution width λ corresponding to these new simulations is reported in Fig. 8 . As expected, compared to the results reported in Fig. 7 , the decoherence overestimation produced by the relaxation-time model (dash-dotted curve) is significantly increased, while the diffusion speed up induced by the Lindblad superoperator (dashed curve) is strongly reduced. Indeed, in spite of the fact that the LO-phonon energy is still significantly different from zero, the effect of phonon scattering is already negligible. This is a clear indication that in the presence of genuine quasi elastic processes like, e.g., carrier-acoustic phonons or carrier-carrier scattering (i) the relaxation-time model is definitely inadequate, and (ii) quantum diffusion due to scattering nonlocality is expected to play a minor role.
C. From bulk systems to nanostructures
As a final set of simulated experiments aimed at showing the power and flexibility of the proposed densitymatrix approach, we have extended the bulk-system analysis presented so far to the case of a periodic nanostructure. Figure 9 Fig. 9) ) and to the Lindblad-scattering simulation (dashed curves (central panel in Fig. 9) ) (see text).
the corresponding bulk-system results of Fig. 5 , here the presence of the superlattice structure (see lower panel) gives rise to a non-trivial interplay between the spatial quantum confinement dictated by the nanostructure potential profile and the scattering-induced diffusion, resulting in a superlattice-induced modulation of the density profile.
In the absence of carrier-phonon scattering (upper panel) one deals with coherent charge oscillations originating from the diffusion dynamics of the initial packet through the superlattice structure. In particular, it is easy to recognize the typical signature of inter-well coherent tunneling, a peculiar phenomenon in coupled quantum-well structures. 22 To better elucidate this crucial feature, in Fig. 10 we have reported the time evolution of the carrier population in the central well of the superlattice (panel a) as well as in the two adjacent wells (panel b). As we can see, in the scattering-free case (solid curves corresponding to the upper-panel result of Fig. 9 ) one deals with a significant charge transfer from the central well toward the adjacent ones and vice versa, the so-called coherent-tunneling dynamics. However, compared to simple two-well systems, here the situation is by far more complicated: once a fraction of the centralwell charge has reached the adjacent wells, part of it will be transferred back to the central well, but also to the external nearest-neighbor ones; this process will progressively extend to an increasing number of wells, giving rise to the quantum-mechanical diffusion process displayed in the upper panel of Fig. 9 .
In the presence of carrier-LO phonon scattering (see central panel in Fig. 9 ), the fully coherent dynamics just described is strongly suppressed; indeed, the significant temporal oscillations in Fig. 10 are strongly reduced, giving rise at long times to a classical-like diffusion scenario typical of a so-called incoherent-tunneling dynamics. ence of energy dissipation the interplay between singleparticle phase coherence (dictated by the superlattice potential profile) and phonon-induced decoherence (dictated by the Lindblad scattering superoperator) is highly non trivial. This is clearly shown in Fig. 11 , where we report the effective spatial-distribution width λ in (104) corresponding to the two simulated experiments of Fig. 9 .
As we can see, the scattering-free diffusion dynamics within the superlattice structure (solid curve) does not differ significantly from the corresponding bulk result (thin solid curve). In contrast, at short times (less than 100 fs) the presence of carrier-LO phonon scattering (dashed curve) gives rise to a significant diffusion speed up (compared to the scattering-free result (solid curve)); at longer times the non-local action of the scattering superoperator vanishes, and at the end of the simulation the spatial broadening induced by the Lindblad superoperator comes out to be even smaller than the scattering-free one. Such non-trivial behavior can be explained as follows: at short times the strong spatial localization of the initial distribution induces a significant diffusion speed up due to carrier-phonon nonlocality effects; at longer times such scattering-induced nonlocality is strongly reduced, and, at the same time, energy dissipation tends to destroy inter-state phase coherence, thus limiting the diffusion process compared to the scattering-free case.
Generally speaking, we finally stress that the ability of investigating such space dependent phenomena originating from the complex interplay between single-particle quantum coherence and phonon-induced energy dissipation versus decoherence -definitely not possible via Boltzmann-like Monte Carlo simulation schemes-constitutes a distinguished feature of the proposed quantum mechanical treatment.
VI. SUMMARY AND CONCLUSIONS
In this paper we have provided a rigorous treatment of scattering-induced spatial nonlocality in bulk as well as in nanostructured materials.
On the one hand, starting from the conventional density-matrix formalism and employing as ideal instrument for the study of the semiclassical limit the well-known Wigner-function picture, we have performed a fully quantum-mechanical derivation of the spacedependent Boltzmann equation.
On the other hand, we have analyzed the validity limits of such semiclassical approximation scheme, pointing out, in particular, regimes where scattering-nonlocality effects may play a relevant role; to this end we have supplemented our analytical investigation with a relevant set of simulated experiments, discussing and further expanding preliminary studies of scattering-induced quantum diffusion in GaN-based nanomaterials recently presented in Ref. 38 .
Our numerical investigation of ultrafast spacedependent phenomena in GaN bulk allows one to draw the following conclusions.
In the presence of carrier localization on the nanometric space scale (see Fig. 1 ) within the proposed Lindblad treatment one deals with significant phonon-induced nonlocality effects; our analysis has shown that such nonlocal character is the result of a different spatial localization of in-and out-scattering contributions (see Figs. 2 and 3); these nonlocality effects will progressively vanish as the carrier delocalization increases, thus recovering, as expected (see Sec. IV C), the local character of the Boltzmann collision term.
A detailed comparison of the proposed Lindblad scattering model (see Fig. 1 ) with the conventional relaxation-time approximation (see Fig. 4 ), has shown that the latter (i) leads to a significant overestimation of phonon-induced decoherence as well as scattering nonlocality, and (ii) is intrinsically unable to reproduce the local character of the Boltzmann collision term.
Thanks to our time-dependent simulations, we have shown that in GaN bulk systems one deals with a relevant competition between free-particle diffusion and phononinduced non-local effects, giving rise to a global diffusion speed up (see Figs. 5 and 6) ; once again, a comparison between the proposed Lindblad treatment and the relaxation-time model has clearly shown that the latter leads to a significant overestimation of such diffusion speed up (see Fig. 7 ), and that this limitation is particularly severe for the case of quasielastic dissipation processes (see Fig. 8 ).
Moving from bulk systems to periodically modulated nanostructures, the interpretation of the diffusion process in the presence of phonon-induced dissipation is by far more complicated. Indeed, compared to the bulksystem results (see Fig. 5 ), the presence of the superlattice structure (see Figs. 9 and 10 ) gives rise to a non-trivial interplay between the spatial quantum confinement dictated by the nanostructure potential profile and the scattering-induced diffusion, resulting in a superlattice-induced modulation of the density profile. In particular, the scattering-free diffusion dynamics within the superlattice structure does not differ significantly from the corresponding bulk result (see Fig. 11 ); in contrast, at short times the presence of carrier-LO phonon scattering gives rise to a significant diffusion speed up, but at longer times the non-local action of the scattering superoperator vanishes, and at the end of the simulation the spatial broadening induced by the Lindblad superoperator comes out to be even smaller than the scatteringfree one.
Let us finally stress that in the presence of particularly strong interaction mechanisms as well as of extremely short electromagnetic excitations, the application of the Markov limit becomes questionable; 12,13 however, for a wide range of nanodevices and operation conditions the proposed Markov treatment is expected to well reproduce the sub-picosecond dynamics induced by a large variety of single-particle scattering mechanisms.
